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INTRODUCTION

Webinar objectives:
• Academic literacy in school mathematics, in particular calculus applications

• NBT observations in relation to 1st year studies

• Rates of change in the SA CAPS curriculum

• NSC Report on rates of change questions

• Analysis of 2016, 2017, 2018 and 2019 questions involving rates of change

• Problem solving strategies

• Further examples & useful resources

Webinar purpose:
The purpose of this workshop is to look at the strategies of understanding and 
developing learners’ reasoning when solving problems with rates of change. 



STUDENT REASONING FROM AL PERSPECTIVE

• Academic literacy (AL) refers to students’ capacity to engage successfully with the 
demands of academic study (in the medium of instruction) within their educational 
context.

• To understand student reasoning, we must examine the academic demands of our 
course content from many different angles and reflect on not only the more obvious, 
subject-specific skills and knowledge areas that form part of a student’s conceptual 
understanding of a particular component of the subject, but also the abilities that are 
being used in the background (such as academic literacy skills).

• Research indicates that inadequate preparation in using academic language at 
school level is an obstacle to learning for both monolingual and multilingual students 
with low language proficiency, especially with regard to conceptual understanding. 
Careful attention should be given to the specific academic language demands 
emerging during conceptual development in mathematics learning.



ACADEMIC LITERACY SKILLS AT PLAY IN MATHEMATICS



Essential / non-essential 
(Distinction making)

Extrapolation, application & 
inferencing

Understanding vocabulary 

Metaphorical expression

Make distinctions, classify, categorise 
and compare information provided

Make inferences and identify 
implications, extrapolate facts, apply 
insights to procedure

Become familiar with typical phrases 
used in the subject, connotations and 
jargon

Understand subject-specific 
terminology, general academic terms

ACADEMIC LITERACY SKILLS AT PLAY IN MATHEMATICS



Cohesion

Communicative function

Discourse relation

AL Skills related to understanding structure, 
sequence and function 

Similar to understanding of sequence, 
procedure and function in mathematics

There may be links between these skills, 
though the specific application of these 
skills will be limited to tasks requiring 
written or oral production of texts

Constructing a basic argument is relevant 
to all disciplines and perhaps most clearly 
in mathematics – e.g. knowing what counts 
as evidence for a claim

ACADEMIC LITERACY SKILLS AT PLAY IN MATHEMATICS



Grammar / syntax

Text genre

Understanding of text purpose and 
audience, appropriate language 
usage, register and tone

Impact mostly limited to tasks 
requiring written or oral production 
of texts

Ability to understand scenarios that 
rely on noticing things like an author’s 
bias may affect the ability to 
complete a task

Ability to understand scenarios that 
rely on noticing grammatical of 
syntactical elements that influence the 
meaning of a text may affect the  
ability to complete a task

ACADEMIC LITERACY SKILLS AT PLAY IN MATHEMATICS



NATIONAL BENCHMARK TESTING (NBTS): OBSERVATIONS
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Change and rates
Data representation and analysis

Chance and uncertainty
Quantity, number and operations

Relationships, pattern and permutation
Shape, dimension and space

NBT 2020 QL Subdomain Scores for
Science/Mathematics

In general, learners seem to struggle with:
1) non-literal language use; 
2) terminology and vocabulary items they are unfamiliar with;
3) questions where things are not explicitly stated and require inferencing
In addition to these developmental areas we see from the AL performance, the QL subdomain 
analysis points specifically to issues in dealing with change and rates in everyday scenarios.



What we know from the NSC diagnostic report…

2017 2018 2019

Candidates did not realise that information 
about the critical values of the graph were 
given in the question. Many of them went 
about calculating these critical values again 
before sketching the graph. Some candidates 
joined the points with straight lines instead of 
curves.

In Q9.1.1, many candidates were unable to 
use the information given in the question. 

Many candidates confused ‘how many times’ 
with ‘at what time’ in answering Q8.2. They 
gave the answer as t = 6 instead of indicating 
that the insect reached the floor only once. 

Expose learners to higher-order thinking 
questions and interpretation of graphs. 
Initially teachers should assist learners in 
understanding what is being asked, what it 
looks like on the picture and which x-values 
are relevant to the interval required in the 
solution.

Expose learners to higher-order thinking 
questions and interpretation of graphs. 
Initially teachers should assist learners in 
understanding what is being asked, what it 
looks like on the picture and which x-values 
are relevant to the interval required in the 
solution. 

Teachers need to expose learners to word 
problems in order for them to gain confidence. 

… … …

Summary of observations

1) Learners seem to be missing signals in questions.
2) Understanding and interpreting the questions are 

highlighted as problem areas.
3) Issues with understanding the language used in questions 

are specifically mentioned.

In addition to the recommendation that teachers expose 
learners to more higher-order thinking questions, we need 
to find a way of anticipating where learners would need 
additional guidance AND what that guidance should entail.



UNPACKING THE ACADEMIC DEMANDS OF SUBJECT CONTENT, 
MATERIALS, ASSESSMENTS

Course content, teaching and learning materials Assessments, tasks and exercises

STEP 1: Reading and analysing the content
• Identify key vocabulary items (action words; terminology; 

context descriptors)
• Determine what the focus of the content is.

STEP 1: Reading and analysing the task
• Identify key vocabulary items (action words; terminology; 

context descriptors)
• Determine what the exercise is asking you to do?
• Extrapolate information from what is presented and make 

initial inferences.

STEP 2: Inferencing, distinction-making, linking to content knowledge
• Determine what is new and what is based on familiar 

concepts.
• How do they differ and how are they the same?
• Analyse examples like you would an assessment, task or 

exercise.

STEP 2: Inferencing, distinction-making, linking the exercise to content 
knowledge

• What do you know?  (Identify the facts.)
• Which mathematical principles/concepts are involved?
• Sift through everything to focus only on what you need to 

complete the task. (Essential vs. Non-essential; Relevant vs. 
Irrelevant etc.)

STEP 3: Identify standard procedure for applying this knowledge.
• Take note of the format of typical answers to exercises that 

relate to this content.

STEP 3: Complete the task
• Apply mathematical knowledge and follow standard 

procedure.
• Take note of the format of the answer that the exercise 

requires.



CAPS: RATES OF CHANGE
Functions:
 domain and range, intercepts with the axes,
 turning points, minima, maxima,
 asymptotes (horizontal and vertical), shape and symmetry, 
 average gradient (average rate of change), 
 intervals on which the function increases /decreases.

Calculus:

• An intuitive understanding of the limit concept, in the context of 
approximating the rate of change or gradient of a function at a point.

• Solve practical problems concerning optimisation and rate of change, 
including calculus of motion.

The rate of change concept is one of the most important applications of 
derivatives. We use the fact that 𝑓𝑓𝑓(𝑥𝑥) represents the rate of change of 𝑓𝑓(𝑥𝑥). 



Calculus is an advanced mathematics topic and 
the applications of rates of change are used in 
many courses beyond school mathematics. 

• Using calculus to describe motion

By definition, acceleration is the first derivative 
of velocity with respect to time and velocity is the 
first derivative of position with respect to time.

• Using stationary points of functions to maximise 
or minimise (optimisation) physical quantities

Key words: acceleration, average rate of change, 
instantaneous rate of change of f with respect to x 
at a point, speed, distance, tangent line, 
displacement, velocity, maximum, minimumRATES OF CHANGE & 

CALCULUS OF MOTION 
PROBLEMS



AVERAGE & INSTANTANEOUS RATES OF CHANGE



VELOCITY AND 
ACCELERATION



NSC REPORT & NCS QUESTIONS

2017 November examination 

Question 9

An aerial view of a stretch of road is shown in the 
diagram below. The road can be described by the 
function 𝑦𝑦 = 𝑥𝑥2 + 2, 𝑥𝑥 ≥ 0 if the coordinate axes 
(dotted lines) are chosen as shown in the diagram.

Benny sits at a vantage point B (0; 3) and observes a 
car, P, travelling along the road.

Calculate the distance between Benny and the car, 
when the car is closest to Benny.



SOLUTION WITH TEACHING AND 
LEARNING STEPS

Step 1: Construct learners’ understanding of the problem 
(extrapolating information/inferencing; developing reasoning)
• Benny is not moving; his position is fixed at point B (0;3)
• Curve represents the road
• Car is moving, its position is described by the point P, “sliding” on 

the curve (travelling along the road)
• The coordinates of point P are changing, but the point remains in 1st

quadrant, where 𝑥𝑥 ≥ 0 and 𝑦𝑦 ≥ 0
• The distance between Benny and the car is not always the same 

because the curve is not always the same distance from point B on 
the 𝑦𝑦-axis

• The problem is asking to calculate the distance when the car is 
closest to Benny: shortest BP distance



SOLUTION WITH TEACHING AND 
LEARNING STEPS

Step 2: Link to mathematical content knowledge, use of concepts 
(draw inferences & select relevant information)

The curve represents the road and its 
equation is given
Point P represents the car, but we do not 
know its coordinates
Point P is on the curve (car on the road)

𝑦𝑦 = 𝑥𝑥2 + 2

𝑃𝑃(𝑥𝑥; 𝑦𝑦)

𝑃𝑃(𝑥𝑥; 𝑥𝑥2 + 2)

The distance between two points, B and P 
(Benny and car) is unknown

𝐵𝐵 (0; 3) and 𝑃𝑃(𝑥𝑥; 𝑥𝑥2 + 2)
𝑃𝑃𝐵𝐵 = 𝑥𝑥 − 0 2 + 𝑥𝑥2 + 2 − 3 2

𝑃𝑃𝐵𝐵 = 𝑥𝑥2 + 𝑥𝑥2 − 1 2

𝑃𝑃𝐵𝐵 = 𝑥𝑥2 + 𝑥𝑥4 − 2𝑥𝑥2 + 1
𝑃𝑃𝐵𝐵 = 𝑥𝑥4 − 𝑥𝑥2 + 1

The distance between two points has to be 
minimum (shortest distance)

PB will be a minimum if PB2 is a minimum



Step 3: Completing the task; application of knowledge & use of the 
correct argument format



Step 4: Teacher reflection with specific focus on potential 
problems in learner’s reasoning 
(Extract from NSC report & any other observations)
Alternative reasoning could be constructed in Steps 2 and 3, 
depending on learner’s mathematical and cognitive abilities:

• Shortest distance will be where tangent to curve is 
perpendicular to the line joining P and the curve.

• Finding the equation of the line segment BP and working out 
the value of 𝑦𝑦 at P.

SOLUTION WITH TEACHING AND 
LEARNING STEPS



NSC REPORT



NSC REPORT & NCS QUESTIONS
2018 November examination 

Question 8

After flying a short distance, an insect came to rest on a wall. Thereafter the insect started crawling 
on the wall. The path that the insect crawled can be described by ℎ 𝑡𝑡 = (𝑡𝑡 − 6)(−2𝑡𝑡2 + 3𝑡𝑡 − 6), 
where ℎ is the height (in cm) above the floor and 𝑡𝑡 is the time (in minutes) since the insect started 
crawling.

8.1 At what height above the floor did the insect start to crawl? (1)

8.2 How many times did the insect reach the floor? (3)

8.3 Determine the maximum height that the insect reached above the floor. (4)



SOLUTION WITH TEACHING AND 
LEARNING STEPS

2018 November examination 

Question 8

After flying a short distance, an 
insect came to rest on a wall. 
Thereafter the insect started 
crawling on the wall. The path that 
the insect crawled can be described 
by ℎ 𝑡𝑡 = (𝑡𝑡 − 6)(−2𝑡𝑡2 + 3𝑡𝑡 − 6), 
where ℎ is the height (in cm) above 
the floor and 𝑡𝑡 is the time (in 
minutes) since the insect started 
crawling.

8.1 At what height above the floor 
did the insect start to crawl? (1)

8.2 How many times did the insect 
reach the floor? (3)

8.3 Determine the maximum height 
that the insect reached above the 
floor. (4)

Step 1: Construct learners’ understanding of the problem (extrapolating 
information/inferencing; developing reasoning)

• An insect is flying and coming to rest before crawling on the wall.
• Curve ℎ(𝑡𝑡) represents the crawling path of the insect
• The starting position on the wall is the height ℎ above the floor where 

insect landed after flying
• We do not know in which direction the insect crawls: towards the floor or 

towards the roof
• The problem is asking to find: 

1) the height above the floor where the insect starts to crawl; 
2) the number of times the insect will reach the floor; 
3) how high the insect will crawl.



SOLUTION WITH TEACHING AND 
LEARNING STEPS

2018 November examination 

Question 8

After flying a short distance, an 
insect came to rest on a wall. 
Thereafter the insect started 
crawling on the wall. The path that 
the insect crawled can be described 
by ℎ 𝑡𝑡 = (𝑡𝑡 − 6)(−2𝑡𝑡2 + 3𝑡𝑡 − 6), 
where ℎ is the height (in cm) above 
the floor and 𝑡𝑡 is the time (in 
minutes) since the insect started 
crawling.

8.1 At what height above the floor 
did the insect start to crawl? (1)

8.2 How many times did the insect 
reach the floor? (3)

8.3 Determine the maximum height 
that the insect reached above the 
floor. (4)

Step 2: Link to mathematical content knowledge, use of concepts (draw 
inferences & select relevant information)

The insect lands on the wall before starting to crawl, 
which means the time starts at that point.
The “crawling” curve’s equation is given, it describes 
the height above the floor at any given time.

𝑡𝑡 = 0

ℎ 𝑡𝑡 = (𝑡𝑡 − 6)(−2𝑡𝑡2 + 3𝑡𝑡 − 6)

The insect could crawl up and down on the wall, never 
reaching the floor or reaching the floor once or more 
than once. When the insect reaches the floor, the 
height above the floor is 0.

ℎ(𝑡𝑡) = 0

The insect could only crawl as high as the wall is but will 
not necessarily reach the top of the wall. The maximum 
height of the insect describes how high the insect will 
crawl on the wall.

max ℎ(𝑡𝑡) is where ℎ′ 𝑡𝑡 = 0



SOLUTION WITH TEACHING AND 
LEARNING STEPS

2018 November examination 

Question 8

After flying a short distance, an 
insect came to rest on a wall. 
Thereafter the insect started 
crawling on the wall. The path that 
the insect crawled can be described 
by ℎ 𝑡𝑡 = (𝑡𝑡 − 6)(−2𝑡𝑡2 + 3𝑡𝑡 − 6), 
where ℎ is the height (in cm) above 
the floor and 𝑡𝑡 is the time (in 
minutes) since the insect started 
crawling.

8.1 At what height above the floor 
did the insect start to crawl? (1)

8.2 How many times did the insect 
reach the floor? (3)

8.3 Determine the maximum height 
that the insect reached above the 
floor. (4)

Step 3: Completing the task; application of knowledge & use of the correct 
argument format

The initial height is when the time is 0 ℎ 0 = 0 − 6 −2 0 2 + 3 0 − 6
= −6 −6 = 36

To answer the question “when will the insect 
reach the floor” is to find the time when the 
height is 0.

ℎ 𝑡𝑡 = 𝑡𝑡 − 6 −2𝑡𝑡2 + 3𝑡𝑡 − 6 = 0
𝑡𝑡 − 6 −2𝑡𝑡2 + 3𝑡𝑡 − 6 = 0

𝑡𝑡 = 6 or −2𝑡𝑡2 + 3𝑡𝑡 − 6 = 0
−2𝑡𝑡2 + 3𝑡𝑡 − 6 = 0 has no real solutions, so 𝑡𝑡 =
6 and the insect will reach the floor once when 
the time is 6 minutes

To find maximum height: 
Step 1: Differentiate the given expression 
and find the values of 𝑥𝑥 where 1st

derivative = 0

Step 2: Substitute the values of 𝑥𝑥 into the 
height formula to find the maximum 
height.

Only 𝑡𝑡 = 4 because ℎ(𝑡𝑡) reaches maximum 
value 

ℎ = −2 4 3 + 15 4 − 24 4 + 36
= 52 𝑐𝑐𝑐𝑐



SOLUTION WITH TEACHING AND 
LEARNING STEPS

2018 November examination 

Question 8

After flying a short distance, an 
insect came to rest on a wall. 
Thereafter the insect started 
crawling on the wall. The path that 
the insect crawled can be described 
by ℎ 𝑡𝑡 = (𝑡𝑡 − 6)(−2𝑡𝑡2 + 3𝑡𝑡 − 6), 
where ℎ is the height (in cm) above 
the floor and 𝑡𝑡 is the time (in 
minutes) since the insect started 
crawling.

8.1 At what height above the floor 
did the insect start to crawl? (1)

8.2 How many times did the insect 
reach the floor? (3)

8.3 Determine the maximum height 
that the insect reached above the 
floor. (4)

Step 4: Teacher reflection with specific focus on potential problems in 
student’s reasoning 
Drawing a curve could assist with visualization and address some of the 
observed errors & misconceptions:



NSC REPORT

2018 November examination 

Question 8

After flying a short distance, an 
insect came to rest on a wall. 
Thereafter the insect started 
crawling on the wall. The path that 
the insect crawled can be described 
by ℎ 𝑡𝑡 = (𝑡𝑡 − 6)(−2𝑡𝑡2 + 3𝑡𝑡 − 6), 
where ℎ is the height (in cm) above 
the floor and 𝑡𝑡 is the time (in 
minutes) since the insect started 
crawling.

8.1 At what height above the floor 
did the insect start to crawl? (1)

8.2 How many times did the insect 
reach the floor? (3)

8.3 Determine the maximum height 
that the insect reached above the 
floor. (4)

QUESTION 8: CALCULUS
Common Errors and Misconceptions
a) In Q8.1 many candidates gave the answer as 𝑡𝑡 = 6. They calculated the value of 𝑡𝑡 when 
ℎ = 0 instead of calculating the value of ℎ when 𝑡𝑡 = 0.
b) Many candidates confused ‘how many times’ with ‘at what time’ in answering Q8.2. They 
gave the answer as 𝑡𝑡 = 6 instead of indicating that the insect reached the floor only once.
c) In answering Q8.3 some candidates could not correctly multiply out ℎ(𝑡𝑡) . Some candidates 
calculated ℎ𝑓(𝑡𝑡), but did not equate ℎ𝑓(𝑡𝑡) to 0. Some calculated the values of 𝑡𝑡 but did not 
calculate the maximum height. Other candidates calculated ℎ𝑓𝑓(𝑡𝑡) , equated it to 0, and solved 
for 𝑡𝑡 not realizing that in this way they will calculate the 𝑡𝑡 -value of the point of inflection and 
not the maximum.

Suggestions for Improvement
a) When teaching graphs of cubic functions, teachers should also include those that have one 
stationary point.
b) Teachers need to expose learners to word problems in order for them to gain confidence.
c) The calculation of critical values should not only be restricted to graphical questions. Expose 
learners to calculating critical values in contextual questions as well. This will help learners to 
appreciate the calculations that they perform in Mathematics.



2016 November examination

NSC REPORT & NCS QUESTIONS



SOLUTION WITH TEACHING AND 
LEARNING STEPS

Step 1: Construct learners’ understanding of the problem 
(extrapolating information/inferencing; developing 
reasoning)
The number of molecules of a drug in the bloodstream is 
given by the equation
The number of molecules M(t) is changing with the time 𝑡𝑡
changing
The problem is asking to find:

1) The number of molecules when time = 3 h
2) The (instantaneous) rate of change: number of 
molecules at 2h
3) The time when the rate of change is maximum

2016 November examination



SOLUTION WITH TEACHING AND 
LEARNING STEPS

Step 2: Link to mathematical content knowledge, use of 
concepts (draw inferences & select relevant information)

2016 November examination

Use the given equation to find the number of 
molecules when time is given

To find the rate of change, use the 1st derivative of 
the given function
Exactly 2 hours is the given time

𝑀𝑀′ 𝑡𝑡 = (−𝑡𝑡3 + 3𝑡𝑡2 + 72𝑡𝑡)𝑓

Looking for the maximum rate of change max𝑀𝑀𝑓(𝑡𝑡) is when 𝑀𝑀′′ 𝑡𝑡 = 0



Step 3: Completing the task; application of knowledge & 
use of the correct argument format

2016 November examination

Substitute the time t = 3 hours into the 
equation to find the number of 
molecules

216 molecules

Find 1st derivative and substitute the 
time t = 2 hours to find the rate of 
change
Interpret the rate answer: molecules 
per hour

𝑀𝑀′ 𝑡𝑡 = −𝑡𝑡3 + 3𝑡𝑡2 + 72𝑡𝑡 ′

= −3𝑡𝑡2 + 6𝑡𝑡 + 72
𝑀𝑀′ 2 = −3 2 2 + 6 2 + 72 = 72

72 molecules per hour

To find the maximum rate of change:
Step 1: Differentiate rate of 
change and find the values of 𝑡𝑡
where 2nd derivative = 0

Step 2: Interpret the answer 
(referring back to the question)

Maximum rate of change of the number of molecules of the drug 
in the bloodstream is after 1 hour.



NSC REPORT

Step 4: Teacher reflection with specific focus on potential 
problems in student’s reasoning 

2016 November examination

QUESTION 10:
CALCULUS (APPLICATION)
This question was well answered except for Q10.3.
Common errors and misconceptions
(a) Many candidates did not see the connections amongst rate of 
change, gradient and derivative. Hence, in Q10.3, it was evident that 
candidates did not link maximum rate of change to the second 
derivative being equal to zero.
(b) Many candidates determined 𝑀𝑀𝑀(𝑡𝑡), equated it to zero and then 
solved for 𝑡𝑡, as is often required in optimisation questions and not 
realising that this was not the question in this case in Q10.2.

Suggestions for improvement
(a) Learners should be exposed to the integration of topics across 
papers.
(b) More emphasis needs to be placed on ‘rates of change’ and 
what is meant by this term.
(c) The section on measurement/mensuration is taught in Grade 10 
and revision should take place in Grades 11 and 12. Make use of 
models/teaching aids to assist in the teaching of this section.
(d) Expose learners to examples where they have to differentiate 
with respect to variables other than 𝑥𝑥.
(e) This section of Calculus is often taught towards the end of the 
year and therefore learners do not get enough opportunity to 
practise. Teachers should ensure that there is enough time for 
learners to understand the application fully.



RATES OF CHANGE & OPTIMISATION 
PROBLEMS

Learners often experience 
difficulties in this topic. One 
of the main reasons for this is 
their ability to understand 
the wording of the problem. 
The difficulty often arises 
when identifying the quantity 
that is to be optimised and 
the quantity that is the 
constraint and writing down 
equations for each.

Key words: maximise, 
minimize, optimisation, 
constraint



SOLUTION WITH TEACHING AND LEARNING STEPS
Step 1: Construct learners’ understanding of the problem 
(extrapolating information/inferencing; developing reasoning)

The quantity to be optimised: perimeter of the rectangle

The quantity that is the constraint: the area of the rectangle

Step 2: Link to mathematical content knowledge, use of 
concepts (draw inferences & select relevant information)

Perimeter of the rectangle: 𝑃𝑃 = 2𝑥𝑥 + 2𝑦𝑦 to be minimized

Area of the rectangle: 15 = 𝑥𝑥𝑦𝑦 is the constraint

We can rewrite the constraint equation: 𝑦𝑦 = 15
𝑥𝑥

Now, substitute the constraint into the perimeter equation:

𝑃𝑃 = 2𝑥𝑥 + 2𝑦𝑦

= 2𝑥𝑥 + 2 15
𝑥𝑥

= 2𝑥𝑥 + 15𝑥𝑥−1



SOLUTION WITH TEACHING AND LEARNING STEPS
Step 3: Completing the task; application of knowledge & use of the correct argument format

Step 4: Teacher reflection with specific focus on potential problems in student’s reasoning
Video

file://Users/tatianas/Desktop/UCT%20CETAP/CONFERENCES/AMESA2020/OUP%20ZOOM%20Resources%204%20AMESA/index.html


NSC REPORT & NCS QUESTIONS
2019 June examination



2019 June examination

SOLUTION WITH TEACHING AND 
LEARNING STEPS

Step 1: Construct learners’ understanding of the problem 
(extrapolating information/inferencing; developing reasoning)
• A sphere has the radius 8 cm
• A cone is inside the sphere:

• Cone’s radius is 𝑟𝑟 cm
• Cone’s height is more than the radius of a sphere: (8 + 𝑥𝑥) cm

• The radius of the sphere is not (necessarily!) the same as the radius 
of the cone

• Volume formulae are given for both shapes
• The problem is asking to find:

1) Volume of the sphere
2) Radius of the cone
3) The ratio between the largest volume of the cone & the volume 
of the sphere
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SOLUTION WITH TEACHING AND 
LEARNING STEPS

Step 2: Link to mathematical content knowledge, use of concepts 
(draw inferences & select relevant information)

Choose the formula to calculate the volume 
of a sphere with the radius 8 cm

Volume of sphere = 4
3
𝜋𝜋 𝑟𝑟 3

On the diagram the radius of the cone is 𝑟𝑟 Volume of cone = 1
3
𝜋𝜋𝑟𝑟2ℎ

=
1
3
𝜋𝜋𝑟𝑟2(8 + 𝑥𝑥)

There is a right-angled triangle with the 
base 𝑟𝑟 and other two sides 𝑥𝑥 and 8 (radius 
of the sphere)

Pythagoras Theorem:
𝑟𝑟2 + 𝑥𝑥2 = 82

Looking for largest volume of the cone max𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is where 𝑉𝑉𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 0
Ratio of volumes to be found max𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑉𝑉𝑠𝑠𝑠𝑠𝑠𝑐𝑐𝑠𝑠𝑐𝑐
=?



Step 3: Completing the task; application of knowledge & use of the 
correct argument format
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Substitute 𝑟𝑟 = 8 to calculate the 
volume of a sphere 

Volume of sphere = 4
3
𝜋𝜋 8 3 = 2048𝜋𝜋

3
≈ 2 144,66

Use Pythagoras theorem to find base 
𝑟𝑟 using other two sides 𝑥𝑥 and 8 

Pythagoras Theorem:
𝑟𝑟2 + 𝑥𝑥2 = 82
𝑟𝑟2 = 82 − 𝑥𝑥2

So, 𝑟𝑟2 = 64 − 𝑥𝑥2
This is the radius of the cone.

To find the largest volume of the 
cone:

Step 1: Differentiate the 
expression for 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and find 
the values of 𝑥𝑥 where 1st

derivative = 0

Additional step: substitute 
radius and height into the 
formula for 𝑉𝑉𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 and simplify.

Volume of cone = 1
3
𝜋𝜋𝑟𝑟2ℎ

=
1
3
𝜋𝜋(64 − 𝑥𝑥2)(8 + 𝑥𝑥)

=
𝜋𝜋
3

(512 + 64𝑥𝑥 − 8𝑥𝑥2 − 𝑥𝑥3)
𝑑𝑑𝑉𝑉
𝑑𝑑𝑥𝑥

=
64𝜋𝜋

3
−
16𝜋𝜋

3
𝑥𝑥 −

3𝜋𝜋
3
𝑥𝑥2

𝑉𝑉𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 0

Step 2: Substitute the values 
of 𝑥𝑥 into the height formula to 
find the maximum height.

Volume of cone (max)

=
1
3
𝜋𝜋(64 − 𝑥𝑥2)(8 + 𝑥𝑥) =

1
3
𝜋𝜋 64 −

8
3

2

8 +
8
3

=
1
3
𝜋𝜋 64 −

64
9

8 +
8
3

=
1
3
𝜋𝜋

512
9

32
3

=
16 384

81
𝜋𝜋

Set up the ratio of volumes and 
simplify

16 384
81 𝜋𝜋
2048𝜋𝜋

3
=

8
27

≈ 0,3



Step 4: Teacher reflection with specific focus on potential 
problems in student’s reasoning 
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• Familiarity with the properties/characteristics of cones and 
spheres. (Connection to content knowledge – not just the 
formulae.)

• Common error: confusing radius with diameter (although the 
visual aid helps mitigate that); or confusing the two radii.

• The term ‘inscribed’ may be problematic for some (again, the 
visual representation helps).

• As we have seen with other questions, students may not notice 
the stipulation that the ratio is between the largest volume of 
the cone and the sphere.



PROBLEM SOLVING STRATEGY

Four steps approach:

Step 1: Construct learners’ understanding of the problem (extrapolating information/inferencing; 
developing reasoning)

Step 2: Link to mathematical content knowledge, use of concepts (draw inferences & select relevant 
information)

Step 3: Completing the task; application of knowledge & use of the correct argument format

Step 4: Teacher reflection with specific focus on potential problems in student’s reasoning 

Summary



FURTHER EXAMPLES & USEFUL 
RESOURCES



SOME CONSIDERATIONS WHEN TEACHING RATES OF CHANGE
When teaching applications of the derivative, it is important to focus on the interpretation 
of the derivative as the rate of change of a function:

o Amount of change of f(x) over the interval is the change in y-values of the function:

o The average rate of change of the function f(x) over the same interval:

o The instantaneous rate of change of f(x) at a is its derivative:

Types of problems:
• Rates of change with respect to time
• Rates of change of quantities
• Maximum and minimum problems
• Distance, velocity and acceleration problems



USEFUL RESOURCES

• Past Exam papers (Grade 8 – 12, incl. provincial) + Memos: https://edwardsmaths.com/

• NCS Reports: https://dbedashboard.co.za/School-Improvement/problem-solving/nsc-subject-
diagnostic-reports/

• NBT Reports (Institutions, Reports): https://www.nbt.ac.za/

• Teaching Mathematics, connecting ideas: https://undergroundmathematics.org/

• Oxford University Press: https://shop.snapplify.com/search?term=zoom+in+Mathematics+12

• Desmos Online Graphing Calculator: https://www.desmos.com/calculator

• Khan Academy, Rates of Change: KhanAcademy: Introduction-to-average-rate-of-change and 
KhanAcademy: Rate-of-change-word-problems

• Siyavula Open textbook, Grade 12 Differential Calculus: Siyavula: grade-12/Applications-
differential-calculus

https://edwardsmaths.com/
https://dbedashboard.co.za/School-Improvement/problem-solving/nsc-subject-diagnostic-reports/
https://www.nbt.ac.za/
https://undergroundmathematics.org/
https://shop.snapplify.com/search?term=zoom+in+Mathematics+12
https://www.desmos.com/calculator
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:average-rate-of-change/v/introduction-to-average-rate-of-change
https://www.khanacademy.org/math/algebra/x2f8bb11595b61c86:functions/x2f8bb11595b61c86:average-rate-of-change-word-problems/v/average-rate-of-change-from-table-word-problem
https://intl.siyavula.com/read/maths/grade-12/differential-calculus/06-differential-calculus-07


THANK YOU

Tatiana Sango: tatiana.sango@uct.ac.za
Sanet Steyn: sanet.steyn@uct.ac.za
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